For 0 < p ≤ 1, let h p (R n ) denote the local Hardy space. Letθ be a smooth, compactly supported function, which is identically one in a neighborhood of the
origin. For k = 1, . . . , n, let (r k f )ˆ(ξ) = −i(1 −θ(ξ))ξ k /|ξ|f (ξ) be the local Riesz transform and define (r 0 f )ˆ(ξ) = (1 −θ(ξ))f (ξ). Let Ψ be a fixed Schwartz function with Ψ dx = 1, let M > 0 be an integer and suppose (n − 1)/(n + M − 1) < p ≤ 1.
We show that a tempered distribution f which is restricted at infinity belongs to h p (R n ) if and only if θ * f ∈ h p (R n ) and there exists a constant A > 0 such that for all ε with 0 < ε 
Introduction
The local Hardy spaces h p (R n ) were introduced and studied by Goldberg in [2] , see also [9, Chapter III.5] . They are spaces of tempered distributions that are much better suited to problems associated with partial differential equations than the classical Hardy spaces H p (R n ). We recall that a tempered distribution f belongs to h p (R n ) if, for some Schwartz function Φ with Φ dx = 0, the maximal function an equivalent way of looking at h p (R n ) is given by the atomic decomposition, which expresses elements in h p (R n ) as sums of very simple elements called atoms. We defer to Section 2 for more details.
In this paper we give another characterization of h p (R n ) for 0 < p ≤ 1 in terms of appropriate singular integrals in a way that is analogous to the characterization of the classical Hardy spaces by the Riesz transforms (see e.g. [9, Chapter III.5.16]).
We will denote the Fourier transform of a tempered distribution f byf . If f is integrablef
be the classical Riesz transform. We say that a tempered distribution f is restricted at infinity if, for all sufficiently large q < ∞, f * Φ ∈ L q (R n ) for all Schwartz functions Φ.
A classical result concerning the standard H p spaces says that if Ψ is a fixed Schwartz function with Ψ dx = 1, M > 0 is an integer such that (n − 1)/(n + M − 1) < p ≤ 1, then a tempered distribution f that is restricted at infinity belongs to H p (R n ) if and only if there exists a constant A > 0 such that for all
n . The proof of this result is closely connected to the characterization of H p (R n ) in terms of systems of higher conjugate harmonic functions as described in [10, 1] .
In this paper we extend to the local Hardy spaces h p (R n ), 0 < p ≤ 1, the above characterization of H p (R n ) spaces.
Letθ be a smooth compactly supported function which is identically one in a neighborhood of the origin. For k = 1, . . . , n let
be the local Riesz transform and define
Our main result shows that if Ψ is a fixed Schwartz function such that Ψ dx = 1, M > 0 is an integer such that (n − 1)/(n + M − 1) < p ≤ 1, then a tempered distribution f which is restricted at infinity belongs to h p (R n ) if and only if θ * f ∈ h p (R n ) and there exists a constant A > 0 such that for all ε with 0
Goldberg states that this result holds true in the case 1 − 1/n < p ≤ 1; the proof of this fact is closely related to the links between the elements of h p (R n ) and the systems of conjugate harmonic functions and can be obtained by suitably modifying the arguments of [8, page 221] , (see also [9, Chapter III.4.3] ) for the analogous characterization of the classical Hardy spaces. Thus, we extend this property to the general case 0 < p ≤ 1.
